Abstract. For a positive definite integral ternary quadratic form f , let rpk, f q be the number of representations of an integer k by f . The famous MinkowskiSiegel formula implies that if the class number of f is one, then rpk, f q can be written as a constant multiple of a product of local densities which are easily computable. In this article, we consider the case when the spinor genus of f contains only one class. In this case the above also holds if k is not contained in a set of finite number of square classes which are easily computable (see, for example, [10] and [11]). By using this fact, we prove some extension of the results given in both [5] on the representations of generalized Bell ternary forms and [3] on the representations of ternary quadratic forms with some congruence conditions.
introduction
For a positive definite integral ternary quadratic form f px, y, zq " ax 2`b y 2`c z 2`2 pyz`2qzx`2rxy pa, b, c, p, q, r P Zq,
and an integer k, we define rpk, f q the number of representations of k by f , that is, rpk, f q " |tpx, y, zq P Z 3 : f px, y, zq " ku|.
Note that it is always finite, for we are assuming that f is positive definite. It seems to be quite a difficult problem to compute rpk, f q effectively for an arbitrary ternary quadratic form f . The famous Minkowski-Siegel formula tells us that the weighted sum of the number of representations by the genus of f is a constant multiple of the product of local densities. To be more precise, we define wpgenpf" ÿ rf 1 sPgenpf q 1 opf 1 q and rpk, genpf" 1 wpgenpfÿ rf 1 sPgenpf q rpk, f 1 q opf 1 q .
Here opf 1 q is the order of the isometry group of f 1 and rf 1 s is the set of isometric classes containing the quadratic form f 1 . The Minkowski-Siegel formula says that (1.1) rpk, genpf" 2π
where α p is the local density depending only on the structure of f over Z p and an integer k. In particular, if the class number of f is one, then rpk, f q " rpk, genpf qq.
As a natural modification of the Minkowski-Siegel formula, it was proved in [8] and [14] that if we define wpspnpf" ÿ rf 1 sPspnpf q 1 opf 1 q and rpk, spnpf" 1 wpspnpfÿ rf 1 sPspnpf q rpk, f 1 q opf 1 q , then rpk, spnpf" rpk, genpffor any integer k that is not a splitting integer. In [11] , Schulze-Pillot gave a formula for rpk, spnpf qq´rpk, spnpf 1for any f 1 in the genus of f and any splitting integer k. Hence if there is only one class in the spinor genus of f , then we may have some formula on rpk, f q by using rpk, genpf qq.
Recently, some interesting formulas on the number of representations of ternary quadratic forms were proved by using some identities of q-series. The aim of this article is to reprove and extend some of those results by using spinor representation theory.
In Section 2, we consider the representations of a generalized Bell ternary form defined by f α,β px, y, zq " x 2`2α y 2`2β z 2 pα ď βq, where α and β are non negative integers. In [1] , Bell gave a formula on the representations of integers by the form f α,β px, y, zq, where pα, βq P t1, 2, 4, 8u. Recently, Hürlimann in [5] provided a formula, by using q-series identities, on the numbers of representations of f α,β , where pα, βq " p2, 16q, p8, 16q, and resolved Cooper and Lam's conjecture given in [4] in these two cases. In fact, the class numbers of those forms considered by Bell and these two forms are all one. Hence one may have the same results by using the Minkowski-Siegel formula as follows: for an integer a, we define sgnpaq " 1 if a is odd, sgnpaq " 0 otherwise, and Ą f α,β px, y, zq " x 2`y2`2sgnpα`βq z 2 . Then one may easily show that f α,β is isometric to Ą f α,β over Z p for any odd prime p. Hence the Minkowski-Siegel formula (1.1) implies that
Since rp2k, f 0,1 q " rpk, f 0,0 q and rp2k`1, f 0,1 q " 1 3 rp4k`2, f 0,0 q, rpk, genpf α,β(and rpk, f α,β q itself, if the class number of f α,β is one) can be written by using the number of representations of a sum of three squares. Note that hpf α,β q " 1 if and only if α, β P t1, 2, 4, 8u or pα, βq " p2, 16q, p8, 16q.
A similar argument can be applied when the spinor genus of f α,β contains only one class. We show that this happens exactly when pα, βq " p1, 16q, p4, 16q, p8, 64q and p16, 16q.
Furthermore, we provide an exact formula for rpk, f α,β q in these cases by using the number of representations of a sum of three squares.
In Section 3, we consider the representations of integers by a quadratic form with some congruence conditions. Let n be a positive integer and let
f ij x i x j pf i,j " f ji P Zq be a positive definite quadratic form of rank n. Let M f " pf ij q P M nˆn pZq be the corresponding symmetric matrix. For a matrix B P M nˆn pZq and w " pw 1 , w 2 , . . . , w n q, s " ps 1 , s 2 , . . . , s n q, we define, for an integer a,
and for a quadratic form g of rank n whose corresponding symmetric matrix is M g and a vector z P Z n , we define, for an integer b,
We show that there is a one to one correspondence between these two sets if we choose parameters in each set suitably. We also show that in some particular cases, for example, w " 0, representations of a quadratic form with some congruence conditions can be interpreted as representations of a subform without congruence condition. If the corresponding subform has class number one or the spinor genus of the subform contains only one class, then we may give a formula on the number of representations of quadratic forms with some congruence conditions. By using this method, we reprove Theorems (1.9), (1, 10) and (1, 11) in [3] , and prove some extensions of them. A (quadratic) Z-lattice L " Zx 1`Z x 2`¨¨¨`Z x n of rank n is a free Z-module equipped with a bilinear form B : LˆL Ñ Z. We define the quadratic form corresponding to L by f L px 1 , x 2 , . . . x n q " ř n i,j"1 Bpx i , x j qx i x j . We also define the corresponding symmetric matrix M L " pBpx i , x jP M nˆn pZq. Note that these three terminologies are equivalent with each other. If M L is diagonal, we briefly write L " xa 11 , a 22 , . . . , a nn y.
In this article, we always assume that any quadratic form is positive definite. Any unexplained notations and terminologies can be found in [7] or [9] .
representations of generalized Bell ternary quadratic forms
A ternary Z-lattice L is said to be a generalized Bell ternary Z-lattice if L is isometric to x1, 2 α , 2 β y pα ď βq, for some non negative integers α, β. As noted in the introduction, it is well known that there are exactly 12 generalized Bell ternary Z-lattices having class number 1. For each of these 12 lattices, it is proved in [1] and [5] that the number of representations of an integer k can be written as a constant multiple of the number of representations of an integer, which is not necessarily same to k, by a sum of three squares. In this section, we prove similar results in the case when the spinor genus of a generalized Bell ternary lattice contains only one class.
Let L be a (positive definite integral) ternary Z-lattice and let p be a prime. We define a Λ p -transformation as follows:
Let λ p pLq be the primitive lattice obtained from Λ p pLq by scaling V " L b Q by a suitable rational number.
For L 1 P genpLq pL 1 P spnpLqq and any prime p, one may easily show that λ p pL 1 q P genpλ p pLqq pλ p pL 1 q P spnpλ p pLqq, respectivelyq. If we define genpLq{ " the set of all classes in genpLq, it is well known that the map (2.1)
given by rL 1 s Þ Ñ rλ p pL 1 qs for any class rL 1 s P genpLq{ " is well-defined and surjective (see [13] ). Furthermore, the restriction map λ p to spnpLq{ " is also a surjective map onto spnpλ p pLqq{ ". Hence hpLq ě hpλ p pLqq and h s pLq ě h s pλ p pLqq for any prime p, where hpLq (h s pLq) is the number of classes in the genus (spinor genus, respectively) of L. 
α , 2 β y pα ď βq be a generalized Bell ternary lattice. Assume that α`4 ď β if α is odd, α`5 ď β otherwise. Then L can be transformed to one of two lattices:
x1, 1, 32y, x1, 2, 32y
by taking finite number of λ 2 -transformations. Since
we have h s pLq ě 2 in this case. Hence we may assume that β ď α`3 if α is odd, β ď α`4 otherwise. Assume further that α ě 5. Then L can be transformed to one of the following lattices:
where 5 ď γ ď 8 and 6 ď δ ď 10, by taking finite number of λ 2 -transformations to L. One can easily compute that
for any 5 ď γ ď 8 and 6 ď δ ď 10. 
where the constant c " c i pa, αq depends only on i, a and α. The values of c i pa, αq are given in Table 1 .
Proof. The lemma follows directly from the equation (1.2). For the computations of local densities, see [12] . Table 1 Values of c i pa, αq
pa, αq c pa, αq c pa, αq c pa, αq c p0, 1q 1 3 p0, 1q 1 6 p0, 1q 1 4 p0, 1q 1 6 p0, 5q 1 3 p0, 5q 1 6 p2, 1q 1 6 p2, 1q 
From the equations (2.2), and (2.3) we have the third equality in the theorem.
Representations of quadratic forms with some congruence conditions
In this section, we consider representations of a quadratic form with some congruence conditions. We show that there is a one to one correspondence between representations of a quadratic form with some congruence conditions and representations of a quadratic polynomial which is suitably chosen. We also show that in some particular cases, representations of a quadratic form with some congruence conditions can be interpreted as representations of a subform without congruence condition. If the corresponding subform has class number one or the spinor genus of the subform contains only one class, then we may give a formula on the number of representations of a quadratic form with some congruence conditions. By using this method, We reprove Theorems (1.9), (1.10) and (1.11) in [3] , and prove some extensions of them. From now on, Z n denotes the set of nˆ1 column vectors. Let L be a Z-lattice of rank n with a matrix presentation M and let a be an integer. For an integral matrix B " pb ij q P M nˆn pZq and vectors w " pw 1 , w 2 , . . . , w n q t P Z n , s " ps 1 , s 2 , . . . , s n q t P Z n , we define M s B,w " tx P Z n : Bx " w pmod squ.
Here, for any two vectors w " pw 1 , w 2 , . . . , w n q t and w 1 " pw
is a free Z-module of rank n, there is a basis
. . , u n s P M nˆn pZq so that ImpU 
The following lemma says that there is a one to one correspondence between representations of a quadratic form with congruence conditions and representations of a quadratic polynomial which is suitably chosen. N " rt 1 , t 2 , . . . , t n s. By Invariant Factor Theorem, there is a basis te i u n i"1 for Z n and integers s i for 1 ď i ď n such that s i | s i`1 and Zt 1`Z t 2`¨¨¨`Z t n " Zps 1 e 1 q`Zps 2 e 2 q`¨¨¨`Zps n e n q.
If we define B 1 " re 1 , e 2 , . . . , e n s´1 P M nˆn pZq and s 1 " ps
n q, then one may easily show that
then one may easily check the above map Φ is a bijective map from R Then for any k such that gcdps, kq ą 1, r s B,kw pa, M q " 0. Proof. If w " 0, then we can take y " 0. Hence the first assertion comes directly from Theorem 3.1. The second assertion comes directly from Lemma 3.2. The third and fourth assertions are trivial. Now, by using the above corollary and spinor representation theory of quadratic forms, we reprove Theorems (1.9), (1.10) and (1, 11) in [3] . To do these, we define ternary quadratic forms: Proof. First, we define quadratic forms
One may easily show that the spinor genus of K i contains only one class for each i " 1, 2, 3. Note that M s1 B1,0 " Zp4, 0, 0q
Hence d We consider the second case which corresponds to Theorem (1.10) of [3] . Note that r s2 B2,w2 p8n`1, M 2 q " |tpx, y, zq t P Z 3 : x 2`y2`2 z 2 " 8n`1, px, y, zq " p1, 4, 0qpmod p4, 16, 2qqu| " |tpx, y, zq
Hence if we define w This completes the proof. Proof. The corollary is a direct consequence of Remark 2.2, Theorem 2.4 and Corollary 3.6.
